A procedure for obtaining robust time-optimal command profiles for multi-mode flexible spacecraft is presented. The command profiles are required to move a spacecraft from rest-to-rest with zero residual vibration. Furthermore, the commands are subject to a robustness constraint in an attempt to keep the residual vibration at a low level in the presence of modeling errors. The robustness constraint requires the derivative of the final state with respect to the system frequencies to be zero. The resulting command profiles are bang-bang and, therefore, they can be implemented on spacecraft equipped with on-off reaction jets. Characteristics of the commands as a function of system parameters are illustrated. A procedure for verifying the time optimality is presented. Finally, the technique is evaluated by quantitatively measuring the robustness to modeling errors. This evaluation demonstrates that the method has good robustness to errors in the low mode, but poor robustness to errors in the higher modes.
Introduction
The problem of controlling flexible space structures in the presence of modeling uncertainties and structural nonlinearities is an area of active research. The techniques currently under investigation include: adding damping, stiffening the structure, developing a sophisticated model and controller, and shaping the command signals. Promising developments have been made in many areas. This paper concentrates on generating command signals that do not excite unwanted dynamics.
The technique of input shaping to control flexible structures has received much attention during the past few years. Input shaping is implemented by convolving a sequence of impulses, an input shaper, with a desired system command to produce a shaped input that is then used to drive the system. The input shaping process is illustrated in Figure 1 with an input shaper composed of two impulses.
In general, a shaper can contain any number of impulses and have any duration. The challenge of input shaping is to design a shaper so that a desired level of performance is achieved. A shaper is designed by generating a set of constraint equations which limit the residual vibration, maintain actuator limitations, and ensure some level of robustness to modeling errors. By solving the set of constraints, the amplitudes and time locations of the impulses are determined.
If the constraints only require zero residual vibration, then the resulting shaper is called a zero vibration (ZV) shaper. A ZV shaper will not work well on most systems because it will be sensitive to modeling errors. The earliest incarnation of ZV shaping was the technique of posicast control developed by O. J. M. Smith in the 1950's. [1] [2] [3] [4] [5] To design a shaper that is likely to work well on real systems, the constraint equations must ensure robustness to modeling errors. Singer and Seering developed a form of robust input shaping by setting the derivative with respect to the frequency of the residual vibration equal to zero. 6, 7 The resulting shaper is called the zero vibration and derivative (ZVD) shaper. The idea of generating robustness by setting the derivative of the final state equal to zero has been utilized on multi-mode systems, [8] [9] [10] [11] , on systems equipped with on-off actuators, 6, 12, 13 and nonlinear systems. 14 Singhose et. al. proposed a technique for obtaining robustness without using the derivative constraint. [15] [16] [17] The various types of input shaping have been implemented on a variety of systems. Banerjee used input shaping to reduce residual vibration and maximum deflections during the simulation of a large space-based antenna. 18 Rappole et. al. used two-mode input shapers to increase the throughput of a wafer handling robot. 10 Yurkovich et. al. combined input shaping with a post-maneuver damping controller to improve large angle slewing 19 and in an adaptive control scheme. 20 Several researchers have used input shaping on long-reach manipulators. [21] [22] [23] [24] Methods have been presented for designing input shapers in the s-plane and z-plane. [25] [26] [27] [28] Flexible spacecraft equipped with on-off reaction jets cannot produce the variable-amplitude actuation force that is usually required with input shaping; the spacecraft must be moved with constant-amplitude force pulses. Some heuristic methods for extending input shaping to the case of on-off actuators have been developed. 29, 30 Constraints on the impulse amplitudes have been used to generate shaped commands for on-off actuators. The set of constraint equations are solved with an optimization program. Wie, Liu, Sinha, Singh, and Vadali demonstrated on-off input shaping with simulations of mass, spring, and damper systems. 12, 13, 31, 32 Banerjee demonstrated the utility of the approach with a nonlinear simulation of the WISP antenna. 18, 33 Singhose et. al. used a detailed nonlinear simulation of the space shuttle's remote manipulator and hardware experiments to demonstrate extra-robust input shaping for on-off actuators. 17 While there are many solutions to a given set of constraint equations for on-off input shaping, the solution generally sought is the one that leads to the shortest slew duration This time-optimal input shaper yields the fastest maneuvers for the specified residual vibration and robustness constraints. One of the challenges of on-off input shaping is obtaining the input shaper and proving it is the time-optimal solution. The equivalence of minimum time on-off shaping and traditional time-optimal control was recently demonstrated. 34 In particular, it was shown that (a) the minimum time ZV shaper control is equivalent to the time-optimal control of the same flexible system, and (b) the minimum time ZVD shaper control is equivalent to the time-optimal control of a different flexible system with double poles at each of the flexible poles of the original system. These equivalencies make minimum time on-off input shaping subject to all the theorems that apply to time-optimal control, including the existence of sufficient conditions to verify the time-optimality of numerically obtained solutions.
This paper will present a procedure for designing on-off input shapers which lead to a robust timeoptimal control of multi-mode flexible spacecraft. The contributions of this paper are threefold. First, characteristics of the solution space will be presented. The dependence of the solutions on the parameters of move distance, mode ratio, and force-to-mass ratio will be illustrated. Second, a practical method for proving that the command profiles obtained are time-optimal is presented. This method is invaluable because the solution space for on-off input shaping contains a multitude of local minima which make it difficult for a nonlinear optimizer to find the global minimum. Finally, the robustness of the shaped command profiles to modeling errors will be quantified and discussed as a function of the parameters.
Multi-Mode On-Off ZVD Input Shaping
One of the great advantages of input shaping is that it requires only a simple system model like the one shown in Figure 2 . Simple models can be used because the constraint equations used to reduce the residual vibration only require the natural frequencies and damping ratios of the system. Furthermore, input shaping can be made robust to modeling errors which allows the command profiles developed for simple systems to work effectively on more complex systems. 17, 18, 35 The model shown in Figure 2 represents a system with two flexible modes and a rigid body mode. A force input, u(t), acts on mass m 1 with a maximum value of u max .
To model an on-off actuator, the force is restricted to +u max , 0, or -u max .
The amplitudes and time locations of the impulses in an input shaper are determined by solving a set of constraint equations. The constraints for time-optimal input shaping, or equivalently, minimum-time shaping on systems equipped with constant-force actuators can be categorized as follows: 1) Residual vibration constraints.
2) Robustness constraints.
3) Requirement of time optimality. 4) Constraints on the impulse amplitudes. 5) Rigid-body constraints. Note that for generic input shaping on variableamplitude actuators, rigid-body constraints are not included in the problem formulation. The requirement that rigid-body constraints be satisfied makes the on-off solutions presented in this paper a function of the desired move distance.
Residual Vibration Constraints
The constraint on residual vibration amplitude can be conveniently expressed as the ratio of residual vibration amplitude with shaping to that without shaping. If we assume the system has flexibility which can be modeled as a second order harmonic oscillator, or can be decomposed into a set of second order systems, then the vibration ratio can be determined from the expression for residual vibration amplitude from a single impulse. 36 The vibration amplitude resulting from an input shaper is simply the superposition of the amplitudes resulting from the individual impulses which compose the input shaper. 7 The vibration amplitude from the shaper is then divided by the vibration from a single unity-magnitude impulse to get the desired shaped versus unshaped residual vibration ratio, V:
(1)
A i and t i are the amplitudes and time locations of the impulses, ω is the vibration frequency, ζ is the damping ratio, and n is the number of impulses. In this paper we will require that the residual vibration, V, equal zero at the system frequencies. When solutions of multi-mode problems are sought, multiple versions of (1) must be used. The versions are unique in that different values of ω are used. The low mode is denoted as ω 1 , the second mode as ω 2 , etc.
Robustness Constraints
In addition to limiting residual vibration amplitude, most input shaping formulations require some amount of robustness to modeling errors. The earliest form of robust input shaping was achieved by setting the derivative with respect to the frequency of the residual vibration equal to zero. 6, 7 That is:
Although more effective robustness constraints have been proposed, 15, 16, 37 we will use the zero vibration and derivative (ZVD) constraints given in (1) and (2) . The use of ZVD constraints for single-mode systems has received considerable attention in the literature. 12, 13 This paper is not concerned with designing the most robust command signals, rather we intend to illustrate the characteristics of robust time-optimal input shaping on multi-mode systems. A later section of the paper will illustrate the drawbacks of using robustness constraints on multi-mode systems which are based on zero derivative conditions.
Requirement of Time-Optimality
Due to the transcendental nature of the above equations, there will always be an infinite number of solutions to the set of constraints. To make the solution time optimal subject to the residual vibration and robustness constraints, the shaper must be made as short as possible. Therefore, the time optimality constraint is: min t n ( ) (3) where t n is the time of the final impulse.
Amplitude Constraints
The time-optimal control for rest-to-rest slewing subject to (1) and/or (2) has been shown to be a multiswitch bang-bang profile. 34, 38-40 Therefore, the inputs to the system under consideration must consist only of positive or negative constant-amplitude force pulses. A multi-switch bang-bang profile can be generated by convolving a step input with an input shaper of the form: 
The constraints given by (3) and (5) are equivalent to requiring the time-optimal control given actuator limitations. 34 The requirement of (3) alone is not sufficient because the impulse amplitudes will be driven towards positive and negative infinity by the time optimality requirement if their magnitudes are not limited by (5). 7 
Rigid Body Constraints
The above constraint equations limit the flexible response and account for the actuator limitations. The next constraint equations ensure that the system's mass center will move the desired amount. The rigid-body motion can be described as:˙( )
where x is the displacement of the mass center and M is the total system mass. By integrating (6) with respect to time we get a constraint on mass center velocity:
where v d is the desired velocity. For rest-to-rest slewing, v d equals zero at the end of the slew, t=t n .
Integrating once more gives a constraint on move distance:
where x d is the desired move distance.
Characteristics of Multi-Mode On-Off ZVD Shaping
The time-optimal multi-mode ZVD shaper is obtained by satisfying the constraints described above. The amplitudes of the shaper impulses are given by (5) . The time locations of the impulses are obtained by satisfying (1)-(3), (7), and (8). The optimization necessary to satisfy (3) can be performed using an optimization package such as the MATLAB Optimization Toolbox 41 or GAMS. 42 The solution obtained from the optimization consists of the number of impulses and their time locations.
The solution is a function of the frequencies (ω i ), the damping ratios (ζ i ), the frequency ratios (r i ), the move distance (x d ), and the actuator force-to-mass ratio (FM). In a multi-mode system there can be several mode ratios, where r i indicates the ratio between the low mode and the i th mode. For two-mode systems, the single mode ratio will be referred to as simply r. All results presented here are for a low frequency of 1 Hz. Furthermore, the discussion is restricted to two-mode undamped systems. The effect of damping on robust and non-robust time-optimal shaping for single-mode systems has been presented. 13, 43 Characteristics of the solution space will be presented by varying one of the parameters r, x d , or FM. Basing our problem formulation of the model shown in Figure 2 , we set the force-to-mass ratio by setting m i =1/3, and then equating u max =FM. The values of the spring constants, k 1 and k 2 , are chosen such that the low mode equals 1 Hz and the second mode equals r Hz. Figure 4 shows the impulse time locations as a function of r when FM=1 and x d =0.5. As r increases from 1 to 8, the duration of the maneuver tends to decrease (the value of the final impulse is decreasing). The maneuver time decreases rapidly as r increases from 1 to 2, but then starts to level off. By zooming in on the move duration between r=2 and r=8, as in Figure 5 , we see that the maneuver duration is not continuously decreasing, rather there are fluctuations superimposed on the downward trend. This result is consistent with the more generic form of two-mode input shaping which does not include the rigid-body constraints. 8 Figure 6 shows the impulse time locations when FM is varied from 0.5 to 3, while x d =0.5 and r=5. As the force-to-mass ratio increases, the maneuver time decreases as we would expect. When the solutions are plotted as a function of move distance, the solution can have various degrees of complexity depending on the mode ratio. For integer values of r, the solution space is the least complicated. To illustrate the most general features, a noninteger value of r must be used. Figure 7a shows the impulse time locations when x d is varied, while r=4.4 and FM=1. The solution is well behaved over large ranges of the desired move distance. However, for certain ranges, both the number of impulses and their time locations change rapidly. To fully appreciate the complexity, the solution space must be examined in closer detail. Figure 7b shows the region where 1.96 ≤ x d ≤ 2.06. The number of impulses varies between 11 and 19. In these regions, finding the time-optimal solution is difficult because there are many alternate solutions that are very nearly time-optimal. The procedure for verifying the time-optimality which is presented in the next section is indispensable for these regions.
Verification of Solutions
From the preceding section we know that the solution space for on-off input shaping using multimode ZVD constraints is very complicated. Furthermore, there is an abundance of solutions that are near time-optimal. In this section we present a practical method for verifying the time-optimality of a prospective solution. Using the equivalence properties demonstrated between on-off input shaping and timeoptimal control, 34 we know that the time-optimal ZVD multi-mode shaper control is equivalent to the timeoptimal control of a related flexible system which has double poles at each of the flexible poles of the original system. The system under consideration can be represented in the form: 
F 1 ,..., F m represent the m flexible modes and are given by:
We can now use Pontryagin's maximum principle to give the following sufficient and necessary conditions for the time-optimal control, u * (t):
where H is the Hamiltonian, and p(t) is the costate vector. After the optimizer obtains a solution to an onoff input shaping problem, (13)-(15) can be used to verify that the solution is time-optimal. If the command profile fails to satisfy (13) The optimality check provided by the necessary and sufficient conditions can be implemented numerically using the following procedure. First, using (13) and (14), calculate a matrix P, where each row is given by:
Then, the quantity Pp(0) represents a vector of the switching function (g T p(t)) values at the impulse (or switching) times. Hence, Pp(0) must be the zero vector and p(0), the initial costate, must lie in the nullspace of P. If the nullspace is empty, then the solution is not optimal. If the nullspace has more than one column and the transversality condition (15) does not reduce the subspace to one column, then the solution is again not optimal. If the nullspace has one column, proceed by calculating the switching function at a fine time spacing from 0 to t n :
where q is the nullspace of P previously obtained. Finally, determine the time locations at which the switching function changes sign. The resolution of the time spacing must be small enough so that every switch is detected. If these switches correspond to the impulse time locations of the input shaper, then the solution is the unique time-optimal solution. If the switching function has more switches than the shaper, then these switch times can be used as the initial guesses for a subsequent optimization.
Evaluation of Robustness
Now that we have presented on-off input shaping with multi-mode ZVD constraints and provided a procedure for verifying the solution, we will evaluate its robustness to modeling errors. For the purposes of this paper, a modeling error will refer to an error in the estimation of the resonance frequencies of the system. There can, of course, be errors in the estimation of the system damping. However, errors in damping generally have less impact on the residual vibration, 7 so we will concentrate on frequency errors.
An input shaper's robustness to modeling errors can be displayed in a sensitivity curve, a plot of the residual vibration as a function of frequency. A sensitivity curve is simply a plot of (1) as ω is varied. Figure 8 shows the sensitivity curve for the case when the low mode is 1 Hz, r=4.4, x d =0.5, and FM=1. The vertical axis is the percentage residual vibration, V, and the horizontal axis is the frequency normalized by the low mode (ω/ω 1 ). Assuming a perfect model, the value of the curve at (ω/ω 1 )=1 gives the amplitude of residual in the low mode, while the value at (ω/ω 1 )=4. 4 gives the residual at the second mode. From the curve we can see that there will be zero vibration of the first and second modes if the model is exact. However, if the low mode is not exactly 1 Hz, or the second mode is not exactly 4.4 Hz, then some amount of residual will exist.
The robustness of the control is its ability to suppress the vibration when a modeling error exists. One method of measuring robustness quantitatively is to determine the frequency range over which the vibration will remain below a finite, but acceptable, level. For example, Figure 9 shows a close-up of the sensitivity curve of Figure 8 over a range that is ±10% of the low mode. If we assume that 5% residual vibration is acceptable, then the low mode can deviate +4.0% and -4.2%. This frequency range is called the 5% insensitivity, I. That is, I is a measure of the allowable percentage error in the frequency. The insensitivity for the low mode is I 1 =0.082. Figure 10 shows a close up of the sensitivity curve which is ±10% of the second mode at 4.4 Hz. The 5% insensitivity for the second mode is only I 2 =0.018. Even though ZVD constraints are enforced at both modes, the robustness is over four times better for the low mode. Given the low value of I 2 , the method should not be regarded as robust to errors in the second mode. . the low mode is well behaved and remains at a reasonable level for all r, the second mode insensitivity varies greatly and is very low for certain mode ratios. Note that the low mode insensitivity varies in a manner similar to the maneuver duration; the insensitivity decreases rapidly as r increases from 1 to 2, but then levels off. This result is representative of a general trend that occurs in all of our data; as the maneuver duration increases, the robustness decreases. That is, the technique has poor robustness when move distances are large. Figure 12 shows the insensitivity dependence on the force-to-mass ratio, which corresponds to the shapers shown in Figure 6 . There is a general increasing trend in the insensitivity levels as the force-to-mass ratio increases. This is again consistent with the observation that the robustness degrades with increasing move duration because as the force-to-mass ratio decreases, the move duration increases. Finally, Figure 13 shows the insensitivity as a function of move distance, which corresponds to the shapers shown in Figure 7 . In this case, the low mode insensitivity also varies a great deal. Note that although there are spikes in the low mode insensitivity, there is a general downward trend as the move distance and, therefore, the maneuver time, increases.
Conclusions
A technique for designing time-optimal command profiles for multi-mode flexible spacecraft has been presented. An attempt to obtain robustness is made by setting the derivative of the residual vibration with respect to the frequencies equal to zero. The resulting command profiles are multi-switch bang-bang and, therefore, they can be implemented with on-off reaction jets. Characteristics revealing the complicated nature of the solution space have been illustrated. A numerical procedure for verifying the time-optimality of the solutions has been presented. Finally, the robustness of the method to modeling errors has been quantified. The method has a reasonable level of robustness to errors in the low mode. This robustness degrades as maneuver length increases. The robustness to errors in the second mode varies greatly and is poor for large ranges of the system parameters. These results call into question robustness techniques for multi-mode systems which are based on limiting the derivative of the final state with respect to system parameters.
